Abstract. In this article, we establish the duality between the generalised Drinfeld double and generalised quantum codouble within the framework of modular or manageable multiplicative unitaries and discuss several properties of them.
Introduction
Motivated by the pioneering work of Drinfeld [6] (later generalised by Majid [10] ), Baaj and Vaes [2] developed the general theory of the bicrossed product and the double crossed product for a matched pair (see [2, Definition 2.3] ) of locally compact quantum groups [8, 9, 11] . Their work generalises the double crossed product construction for certain (regular and irreducible) multiplicative unitaries due to Baaj and Skandalis [1] . For multiplier Hopf algebras this was studied by Drabant and van Daele [4] . In particular, every bicharacter between two locally compact quantum groups yields an inner matching between them (see [2, Section 8] ). For example, the canonical inner matching between a locally compact quantum group and its dual is defined by the right or left regular corepresentation, corresponding to the right or left Haar weight. Corresponding double crossed products are known as quantum doubles in [2, 16, 21] , and quantum codoubles in [11] .
In this article, we construct and establish the duality between generalised Drinfeld doubles and generalised quantum codoubles (same as generalised quantum doubles in [2, Section 8]) using manageable multiplicative unitaries. Therefore, our work generalises the C * -algebraic picture of the generalised quantum double double construction in [2, Section 9], as we do not need regularity and Haar measures on the factor quantum groups. Also, we generalise the ordinary quantum codouble construction for locally compact quantum groups, within the framework of manageable and modular multiplicative unitaries (an unpublished work of S.L Woronowicz presented at RIMS in 2011).
We start with the following data: two C * -quantum groups (see Definition A. In general, ∆ D V is not well defined for any V-Drinfeld pair (ρ, θ) . We need what we call a canonical V-Drinfeld pair. Given any bicharacter V there are V-Heisenberg and V-anti-Heisenberg pairs. The first step is to construct a canonical V-Drinfeld pair from them. In the second step, we use a canonical V-Drinfeld pair to construct a modular multiplicative unitary W D ∈ U(H D ⊗ H D ) (see Theorem 3.18 ) that generates the generalised Drinfeld double D V (G, H) = (D V , ∆ D V ). Here we use the full power of the manageability for the bicharacter V. Indeed, this construction does not depend on the choice of a canonical V-Drinfeld pair (see Remark 3.24) .
Let σ denotes the flip isomorphism of the minimal tensor product of C * -algebras. Define the twisted flip isomorphism σ V by σ V (b⊗â) := Ad(V)(σ(b⊗â)) = V(â⊗b)V * forâ ∈Â,b ∈B. Define D V :=B⊗Â and a nondegenerate * -homomorphism∆
Notice that the morphism σ • σ V :Â ⊗B →Â ⊗B defines an inner matching between G and H (see [ The image of W A under the canonical W A -Drinfeld pair is a unitary R-matrix on the G-Drinfeld double D(G). Furthermore, the R-matrix defines a braiding on the corepresentation category of D(G) (see [14] ). This is the dual of the following well known fact for Hopf algebras: the category of modules over a Drinfeld double is a braided monoidal category. This justifies calling G-quantum codouble D(G) a G-Drinfeld double in [15] .
The notion of G-Yetter-Drinfeld C * -algebras was introduced in [15] and used to prove the Baum-Connes conjecture for quantum SU(2). The C * -algebraic picture of the double crossed product construction [2] used therein works only for regular quantum groups. Hence, [15, Proposition 3.2] that gives an isomorphism between the coaction category of G-Yetter-Drinfeld C * -algebras and the category of D(G) -C * -algebras works for regular quantum groups G. After generalising the notion of G-Yetter-Drinfeld C * -algebras to V-Yetter-Drinfeld C * -algebras, we prove a similar result for generalised quantum codoubles in Proposition 6.8.
A by a → uau * . Let C * alg be the category of C * -algebras with nondegenerate * -homomorphisms ϕ : A → M(B) as morphisms A → B; let Mor(A, B) denote this set of morphisms.
Let H be the conjugate Hilbert space to the Hilbert space H. The transpose of an operator x ∈ B(H) is the operator x T ∈ B(H) defined by x T (ξ) := x * ξ for all ξ ∈ H. The transposition is a linear, involutive anti-automorphism B(H) → B(H).
A representation of a C * -algebra A is a nondegenerate * -homomorphism A → B(H). Since B(H) = M(K(H)), the nondegeneracy conditions A · K(H) = K(H) and A · H = H are equivalent, and hence this is same as having a morphism from A to K(H).
We write Σ for the tensor flip H ⊗ K → K ⊗ H, x ⊗ y → y ⊗ x, for two Hilbert spaces H and K. We write σ for the tensor flip isomorphism A⊗ B → B ⊗ A for two C * -algebras A and B, where ⊗ denotes the minimal tensor product of C * -algebras. All Hilbert spaces and C * -algebras are assumed to be separable.
Drinfeld pairs
and W B ∈ U(B ⊗ B) be their reduced bicharacters. Let V ∈ U(Â ⊗B) be a bicharacter from G to H. 
A V-Drinfeld pair (ρ, θ) is faithful if the associated representations ρ and θ are faithful. 
(2.6)
Theorem B.8 shows that a bicharacter V ∈ U(Â⊗B) naturally gives rise to a dual bicharacterV ∈ U(B ⊗Â), a right quantum group homomorphism ∆ R : A → A ⊗B, and a left quantum group homomorphism ∆ L : A →B ⊗ A. This leads us to reformulate the condition of being a V-Drinfeld pair in the following way: Lemma 2.7. Let ρ and θ be representations of A and B on a Hilbert space H. Then the following are equivalent:
by (2.2). Applying σ 12 gives
which is equivalent to (θ, ρ) being aV-Drinfeld pair. Thus (1) ⇐⇒ (2).
(1) ⇐⇒ (3): Let (ρ, θ) be a V-Drinfeld pair. The following computation takes place in U(Â ⊗B ⊗ K(H)):
The first equality uses (B.12); the second equality uses (2.2); and the third equality uses (B.11). Since {(ω ⊗ id A )W A : ω ∈Â ′ } is linearly dense in A, slicing the first leg of the first and the last expression in the above equation shows that (1)=⇒(3).
Conversely, applying idÂ ⊗ idÂ ⊗ ρ on both sides of (B.12) and using (4), we get
which is equivalent to (2.2). Thus (3)=⇒(1). To prove (2) ⇐⇒ (4), argue as in the proof that (1) ⇐⇒ (3). 
Drinfeld pairs and generalised Drinfeld doubles
Let G = (A, ∆ A ) be a C * -quantum group and let W A ∈ U(Â ⊗ A) be its reduced bicharacter. Let W A ∈ U(H ⊗ H) be a manageable multiplicative unitary that generates G. By Theorem A.4, there is a G-Heisenberg pair (π,π) on H (see (B.17)) such that
Similarly, let H = (B, ∆ B ) be another C * -quantum group, let W B ∈ U(B ⊗ B) be its reduced bicharacter, and let W B ∈ U(K ⊗ K) be a manageable multiplicative unitary generating H with the corresponding H-Heisenberg pair (η,η) on K.
Let V ∈ U(Â ⊗B) be a bicharacter. By Proposition B.19, the representations π, π, η andη are faithful. Hence, the V-Heisenberg pair (α, β) on K⊗H in Lemma B.24 is also faithful. By (B.16) we construct the associated V-anti-Heisenberg pair (ᾱ,β) on K ⊗ H. 
Define the following representations of A, B,Â,B on H
(4) θ and ξ commute in the following way:
(5) ρ and ζ commute; (6) ξ and ζ commute.
hence [13, Lemma 3.8] gives (1) . Proposition 2.9 yields (2). Also, (5) and (6) follow from (3.1). We express∆ R in terms ofV, following (B.11):
Applying σ 23 σ 12 on both sides of the last expression and taking adjoints yields
in U(B ⊗Â ⊗B). in U(B ⊗ K(K ⊗ H ⊗ K ⊗ H) ⊗B). Hence (3.4) follows from (3.7) and (3.1), by collapsing the leg numbers under the identification
Similarly, (3.5) follows from (3.7) and (3.1) by collapsing the leg numbers:
Notation 3.8. We write π i when a representation π is acting on the ith leg of a unitary.
Proof. Rewrite (2.2) for (ρ, θ) involving W A and W B in the following way:
Equations (3.10) and (3.5) give:
The following computation takes place in
. The first equality follows from Lemma 3.3(5), the second equality uses (3.4) and Lemma 3.3 (1), the third equality uses (3.11) and that W B θ23 , W A ρ14 commute, the last equality is trivial.
Finally, applying ξ and ζ on the third and fourth leg on both sides of the last expression gives the pentagon equation
Next we need what it means for V := (π ⊗η)V ∈ U(H ⊗ K) to be manageable.
Theorem 1.6 in [20] gives the manageability of V ∈ U(H ⊗ K): there is a unitary V ∈ U(H ⊗ K) with the following condition:
Similarly, by duality, 
Hence, in (3.12), we can replace x, u, z and y by
A (z) and Q it B (y), respectively, for all t ∈ R. Thus we obtain 
The third equality uses antimultiplicativity of T •η ⊗ T •π ⊗ RB. Theorem A.4 (6)(ii) and equations (3.1) and (3.7) give
A similar computation yield: (3.16) and (3.17) give 
Theorem 3.18. The multiplicative unitary
is the unitary associated to the manageability of
Clearly, ξ and ζ act trivially on the factor K ⊗ H of H D . Therefore, following Notation 3.8, we rewrite
,··· be an orthonormal basis of H D . The manageability condition (3.12) for X and Y gives
In the rest of this section, we show that the modular multiplicative unitary W D in Theorem 3.2 gives rise to the generalised Drinfeld double
Proof. The representations ξ and ζ in (3.1) are faithful and commute; hence
The set of continuous linear functionals of the form
(B).
A routine computation using the Podleś condition A.9 for ∆ A and ∆ B yields (A.9) for ∆ D V . The character condition on the second leg (A.7) for W A and W B yield:
. Here we use Notation 3.8 for the representations ρ and θ.
Since W D is a modular multiplicative unitary, Remark B.22 yields
By Theorem A.4 (5), there exists a unique unitary antipode
A routine computation, using (1.1) and Theorem A. Remark 3.24. At first sight, it seems that the generalised Drinfeld double depends on the choice of the V-Drinfeld pair (ρ, θ) in (3.1). By Theorem 4.1, the dual of
is free from V-Drinfeld pairs. Hence, by duality, up to isomorphism the generalised Drinfeld double only depends on the triple (G, H, V). 
Example 3.27. LetÂ = C 0 (G) andB = C 0 (H) for locally compact groups G and H, respectively. For any bicharacter V ∈ U(Â ⊗B), the representations ρ and θ in 2.2 commute. By Example 3.26, we identify H D = L 2 (H × G) with respect to the right Haar measures on G and H, and
Example 3.28. Let G = H and V = W A ∈ U(Â ⊗ A). Let (π,π) be a G-Heisenberg pair on a Hilbert space H and let (π,π) be the corresponding G-anti-Heisenberg pair on H. We can simplify (3.1) as follows:
Generalised quantum codoubles
Let D V (G, H) denote the generalised quantum codouble ( D V , ∆ D V ) defined in (1.2).
Theorem 4.1. The generalised quantum codouble D V (G, H) is the dual of the generalised Drinfeld double D V (G, H).
We shall show that D V (G, H) is generated by the multiplicative unitary in Theorem 3.18 in two steps. 
. The first equality uses Lemma 3.3(1), the second equality uses that ρ and ζ commute, the third equality uses (3.4) and that ξ and ζ commute, the fourth equality follows because W 
′ on both sides of the last expression gives
Since the representations ξ and ζ are faithful, we conclude that∆
The character condition on the second leg (B.3) for V is equivalent to 
Using the Podleś condition (A.9) for∆ B , we obtain
Sinceη is faithful, we get∆
The next result generalises the description of A m in [2, Proposition 9.5] for an inner matching m.
Proposition 4.5. The space of slices
Proof. Throughout the proof we identify A,Â, B,B with their images under the faithful representations π,π, η,η to avoid complicated notation.
where µ ∈ B(K) * , ǫ ∈ B(H) * , ν ∈ B(K) * , and υ ∈ B(H) * . Leg numbering notation for functionals gives
Recall that slices of W B ∈ U(K ⊗ K) by functionals ν ∈ B(K) * on the first leg generate a dense subspace of B. Hence we replace (ν ⊗ id K ) W B byb ∈B in the above expression and rewrite
Given µ ∈ B(K) * and x ∈ B(K), define xµ(y) := µ(xy) for y ∈ B(K).
Since W B ∈ U(B ⊗B), we may replace (B ⊗B) W B by B ⊗B, and apply µ on the first leg:
Since V ∈ U(Â ⊗B), we may replace (Â ⊗B)V byÂ ⊗B and use back substitution:
Next we replace (ǫ ⊗ id H ) W A byâ ∈Â in the above expression and rewrite
In the above expression replace υ ∈ B(H) * by υ · a, defined by υ · a(y) := υ(ay) for y ∈ B(H), a ∈ A,
Finally, replacing υ ∈ B(H) * by υ ·â forâ ∈Â in the last expression, we get
Proof of Theorem 4. Next we gather other structure maps on the generalised quantum codoubles.
Proof. To conclude (1) it is sufficient to show Theorem A.4.(6).(ii) for R D V
. Let (π,π) and (η,η) be G and H-Heisenberg pairs acting on H and K, respectively. The proof of Theorem 3.18 shows that
We rewrite (3.10) in the following way:
Proposition 3.10 from [12] gives (RB ⊗ RÂ)V =V. Next, applying the antimultiplicative map T ⊗ RB ⊗ RÂ on the both sides of (4.7), gives:
Combining the first and last equations above, we get
for allâ ∈Â,b ∈B. Sinceπ andη are faithful, we get (2).
Properties of generalised Drinfeld doubles
We start with the noncommutative version of the following classical fact: given two locally compact groups G and H, there are canonical Hopf * -homomorphisms from C 0 (G) and C 0 (H) to C 0 (G × H). Proof. The character condition on the first leg (B.2), for both the unitaries, follows from (A.12). Equation (3.22) gives
Lemma 5.1. The unitaries W
(idÂ ⊗ ∆ D V )W A 1ρ = W A ξ2ρ3 W B ζ2θ3 W A 1ρ2 (W B ζ2θ3 ) * (W A ξ2ρ3 ) * in U(Â ⊗ D V ⊗ D V ).
By Lemma 3.3, ζ and ρ commute and (ρ, ξ) is a G-Heisenberg pair. This yields (B.3) for W
Furthermore, taking slices on the first leg of the last expression by ω ∈Â ′ , and using (A.7) for W A , we get 
Proposition 5.2. There is a canonical coaction
Now (α ′ , β ′ ) satisfies (B.14) and (ρ, θ) satisfies (2.2); hence we get
for c ∈ C, where the second equality uses (A.17) for γ. A similar computation for δ gives (5.3). A routine computation using the Lemma 5.1 and (A.17) for γ and δ yield:
hence we get (A.9) for ψ.
Example 5.4. Let G = H be the compact quantum group A = C(T n ). Then any coaction of G on A is the action of the group T n by translation. A bicharacter V ∈ U(Â ⊗Â) is a map V : Z n × Z n → T which is multiplicative in each variable:
is a pair of n-tuples of unitaries with the following commutation relations:
Then the resulting twisted tensor product A ⊠ V A is the noncommuative n-torus. Example shows that the V-Drinfeld double is C(T n ×T n ). Thus we get the standard product action of T n × T n on the noncommutative n-torus.
Thus ψ generalises the tensor product of coactions. Therefore, ψ is called the generalised product of actions and denoted by γ ⊠ V δ.
It is shown in [13, Lemma 5.5 ] that ⊠ V is functorial with respect to several kind of "maps". More precisely, given G-equivariant "maps" f :
Proof. By definition of f ⊠ V g in (5.6), we have
Now (5.3) and the equivariance condition for f give
Similarly, we have (γ
Combining the last two equations with (5.8) completes the proof:
R-matrix on G-Drinfeld doubles.
The Drinfeld double of a finite dimensionsal Hopf algebra has an R-matrix [6] . This holds in several more general contexts namely, for certain classes of multiplicative unitaries [1, Proposition 8.19 ], for Woronowicz algebras [21, Proposition 4.16] , and for multiplier Hopf algebras [4] . We extend this result for modular and manageable multiplicative unitaries.
Definition 5.9. A bicharacter R ∈ U(A ⊗ A) is called an R-matrix on a quantum group
where σ is the standard flip on A ⊗ A. A) and recall the G-Drinfeld double D(G) in 3.28.
Lemma 5.11. The unitary
Proof. The bicharacter conditions (B.2) and (B.3) for R follow from Lemma 5.1 and (3.22). The comultiplication ∆ A is the left and right quantum group homomorphism associated to W A ∈ U(Â ⊗ A). Therefore, indentifying G = H we rewite (3) of Lemma 2.7 as
Similarly, identifying∆ L =∆ R =∆ A and B =Â in (4) of Lemma 2.7 gives
Combining (5.12), (5.13) and using (3.22) we obtain (5.9) for R = (θ ⊗ ρ)W A .
Properties of generalised quantum codoubles
The definition of a closed quantum subgroup in the sense of Woronowicz (see [3, Definition 3.2]) uses the notion of a C * -algebra generated by a quantum family of multipliers. More precisely, a C * -quantum group
Lemma 6.1. G and H are closed quantum subgroups of D V (G, H) in the sense of Woronowicz.
Proof. The bicharacter W
. Comparing the last expression with (B.11), we conclude that ∆ R is the right quantum group homomorphism corresponding to the bicharacter W A ρ2 ∈ U(D V ⊗Â). Similarly, using (4.7) we can show that ∆
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Hence ∆ ′ R is the right quantum group homomorphism associated to the bicharacter W 
Example 6.6. ConsiderÂ = C 0 (G) andB = C 0 (H) for locally compact groups G and H. Then any G-C * -algebra with trivial H-coaction makes it Yetter-Drinfeld in this generalised sense. In particular, if we take H = G and V = W A then W A -Yetter-Drinfeld C * -algebras are same as G-Yetter-Drinfeld C * -algebras defined by Nest and Voigt in [15] .
Proof. In particular, the right quantum group homomorphisms ∆ R in (6.2) and ∆ ′ R in (6.3) are coactions of G and H on D V . Using (4.7) we compute
Taking slices on the first leg by functionals on D V shows that D V is a V-YetterDrinfeld C * -algebra.
The next proposition generalises Proposition 3.2 in [15] .
Conversely, let γ : C → C ⊗Â and δ : C → C ⊗B satisfy (6.5). Define a nondegenerate, injective * -homomorphismγ : C → C ⊗ D V byγ := (δ ⊗ idÂ)γ. The Podleś condition (A.9) forγ gets induced from those for γ and δ in the following way:
The following computation yields (A.17) forγ:
The first equality is trivial, the second equality uses (6.5), the third equality uses (A.14), and the last equality uses (1.2).
In a similar fashion we can decompose a corepresentation of a generalised quantum codouble into a compatible pair of corepresentations of the factors.
Let U
G ∈ U(K(K) ⊗Â) and U H ∈ U(K(K) ⊗B) be corepresentations of G and H on K. H) -compatible if they commute in the following way:
By (3.10), the pair ( W
This is the analogue of Lemma 6.7 for corepresentations. 
By [12, Proposition 6.5] or [17, Proposition 3 .31] the right quantum group homo-
Lemma 6.7 gives Technical assumptions such as manageability ( [20] ) or, more generally, modularity ( [18] ) are needed in order to construct C * -algebras out of a multiplicative unitary. 
it is coassociative:
and satisfies the Podleś condition A) . Then the pair G = (A, ∆ A ) is a quantum group if there is a modular multiplicative unitary W ∈ U(H ⊗ H) such that (A, ∆ A ) is isomorphic to the C * -algebra with comultiplication associated to W as described in Theorem A.4.
The notions of modularity and manageability are not very far from each other: starting from a modular multiplicative unitary one can construct a manageable multiplicative unitary on a different Hilbert space (see [18] ) giving rise to the same C * -quantum group. Therefore, we shall consider only manageable multiplicative unitaries from now on.
The dual multiplicative unitary is W := ΣW * Σ ∈ U(H ⊗ H). It is modular or manageable if W is. The C * -quantum group G = (Â,∆ A ) generated by W is the dual of G. in U(A ⊗Â ⊗Â).
Equivalently, we get the character condition on the first leg of W A : (1) γ is injective; (2) γ is a comodule structure, that is, D) be the set of G-equivariant morphisms from C to D. Let C * alg(G) be the category with G-C * -algebras as objects and G-equivariant morphisms as arrows. 
A Hopf * -homomorphism from G to H is an element f ∈ Mor(A,B) that intertwines the comultiplications:
Bicharacters in U(Â ⊗ B) are interpreted as quantum group morphisms from G to H in [12] . We shall use bicharacters in U(Â ⊗B) throughout. Let us recall some definitions from [12] in this setting. Definition B.5. A right quantum group morphism from G to H is a morphism ∆ R : A → A ⊗B with the following properties:
Similarly, a left quantum group homomorphism from G to H is a morphism ∆ L : A →B ⊗ A satisfying the following:
The following theorem summarises some of the main results of [12] .
Theorem B.8. There are natural bijections between the following sets: (B.9)
The first bijection maps a bicharacter V to its dualV ∈ U(B ⊗Â) defined by
A bicharacter V and a right quantum group homomorphism ∆ R determine each other uniquely via
Similarly, a bicharacter V ∈ U(Â⊗B) and a left quantum group homomorphisms ∆ L determine each other uniquely by
The dual bicharacterV ∈ U(B ⊗Â) describes the dual quantum group homomorphism∆ R : B → B ⊗Â. Thus ∆ R and∆ R are in bijection as V andV are. A similar statement holds for ∆ L and∆ L . in U(Â ⊗ K(H π ) ⊗ A).
Here W Since π is faithful, this says that ∆ A is implemented by W A . Conversely, starting from the unitary implementation of ∆ A , and reversing the above computation, we arrive at the character condition (A.7). Similarly, the character condition (A.7), the Pentagon Equation (A.2) and (A. 
